Advanced Statistical Mechanics (Part 111 Minor Topic)
E M Terentjev

Prerequisites

There are no formal prerequisites, as all students are expected to have attended the Part Il Thermal &
Statistical Physics course (or equivalent, for the MASt cohort). It would be helpful to have attended the
Part Il Soft Condensed Matter option; for those who have not, the lectures cover the essential material.

Learning Outcomes and Assessment

This is a theoretical course that focuses on the microscopic processes that drive fluctuations, examining
the fundamentals and modern techniques of statistical mechanics, with applications in non-equilibrium
thermal physics, diffusion and viscoelasticity, genetics and evolution, and stock markets. However, the in-
depth topics are all “physical”’, covering the mean first-passage time, non-Markov noise and anomalous
diffusion, and the crossover between quantum and statistical uncertainty.

Synopsis

Introduction: Equilibrium statistical mechanics revised via partition functions / free energy, and via rates
/ detailed balance.

Stochastic processes: Markov process, Poisson and Wiener processes, Stochastic differential equations;
conversion from Langevin to Fokker-Planck and Smoluchowski equations; Example 1 — Black-Scholes
equation for the price of stocks. Detailed balance; Correlation functions; Fluctuation-dissipation theorem.

Applications of Langevin dynamics: Diffusion in shear flow. Example 2 — viscosity of a simple fluid.
Ornstein-Uhlenbeck theory; Diffusion in external potentials; Periodic and random potentials; Kramers
escape theory and mean first-passage time. Example 3 — “hitting a small target”.

Generalised Langevin dynamics: Covariant formulation of multi-variable stochastic processes; Fokker-
Planck and Smoluchowski equations; Non-Markov stochastic process, viscoelasticity and memory
functions; Generalised (viscoelastic) Langevin equation and anomalous diffusion; Dissipation as coupling
to an ensemble of oscillators; Mori equation; Liouville equation for dynamical variable and for distribution
function (Heisenberg and Schrodinger formalisms). Example 4 — Kubo formula.

Quantum crossover: Quantum and stochastic probabilities; statistics of the density matrix; Dissipation as
coupling to an ensemble of oscillators. Example 5 — Marcus equation for electron transfer. Example 6 —
rate of escape over and tunnelling under the potential barrier

KEY BOOKS

Nonequilibrium Statistical Mechanics, Zwanzig R. (OUP 2001)

Introduction to Stochastic Processes, 2" Edition, Lawler G. F. (Chapman & Hall 2006)
Brownian Motion: Fluctuations, Dynamics, and Applications, Mazo R. (OUP 2002)
Fokker-Planck Equation, Risken H. (Springer 1996)
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UNIVERSITY OF

Optiver CAMBRIDGE

The Heston Model — The
Physics of Stochastic
Volatility Models

Date Friday, 9 February
Time 11:00 a.m. - 12:00 p.m.
Room Bragg Building, Small Lecture Theather

Open to all Cambridge students

Join us for an exclusive lecture by Optiver on financial modeling. Dive into the complexities
of the Heston model, a cornerstone in stochastic volatility modeling, and discover how it
revolutionizes our understanding of financial markets.

Key agenda points

+ Comprehensive overview of the Heston model’s dynamic properties

* In-depth analysis of the affine structure inherent to the model

» Partial Differential Equations (PDEs) and Ordinary Differential equations (ODEs) of the model
* Practical application: Characteristic function in option pricing

About the lecturer

Fabio Maggioni is an Optiver quantitative researcher working on the
development and improvement of new pricing models and techniques. The

focus of his research is around the impact of rate and volatility term structure
and dividend uncertainty on the early exercise of American options. He joined
Optiver after earning a Master’s Degree in Mathematical Engineering at
Polytechnic University of Milan.
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Optiver

Heston model

Cambridge University — Fabio Maggioni, 08.02.2024
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Heston model

The physics of stochastic volatility models

» Beyond Black-Scholes assumptions
* Definition

 Dynamics

» Partial Differential Equation

« Characteristic function

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Beyond Black-Scholes

Pros

Cons

Market

e Closed form solution
for option prices

e Mathematical
tractability

e Great for
communication

Uncorrelated log-

returns

Gaussian log-returns

Persistence of
variability (high vol
and low vol periods)

Spot-vol correlation

Fat tailed log-return
(kurtosis and skew)

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Log-return distribution

Black-Scholes Financial markets
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Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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More complex models

dSt — T‘St dt + O-tSt th
» Deterministic time dependent volatility does not improve over normality of log returns

» Looking at Volatility Index we can guess that volatility is a good place to start: stochastic volatility models!

A -
0
4]
50

L

[ 40

20 -

10 -

2008 2010 2012 2014 2016 2018 2020 2022 2006

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Stochastic volatility models

o Setting:
dSt == T'St dt + GtSt thl
dO‘t - a(t, O_t)dt + b(t, O_t) thZ
« With dW? and dW? being possibly correlated (p) random increments and a and b being “some functions”.

« According to the structure of functions a and b we can produce all sort of dynamics for the vol.

* Which one is appropriate?

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Heston

dSt - T'St dt + St\/v_t thl
dvt - K(ﬁ - Ut) dt + )/\/U_t thZ

E[dWi dW?]| = pdt

* Kk = speed of mean reversion in years
* v = long term variance

* vy = short term variance

e y =wvolof vol

* p = spot — variance correlation

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Heston

dSt - T'St dt + St\/v_t thl

dvt - K(ﬁ - Ut) dt + )/\/U_t thZ

* Instantaneous variance v, is mean reverting
* Instantaneous volatility /v, has 2 sources of randomness:
» Spot level via correlation p

» Exogenous variance process guided by vol of vol y

« Variance is distributed as a scaled Non central Chi square

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Dynamics at the limit

Let’s look at some key quantities of the Heston model for an expiry time T.

Elvrlvol = voe ™ + 5(1 — e7*7)

Var[vr|ve] = voy?z(e—KT _ e—ZrcT) + 172_)::(1 . e—KT)Z

For k - o, E[v¢|vo] = 7, Var[v:|vy] = 0, Heston — Black&Scholes with 62 =

Fory = 0, E[v:|vy] = vge ™™ + 5(1 — e ™) , Var[v,|v,] = 0, Heston — Black&Scholes with deterministic

term structure

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Variance dynamics

Variance process
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Variance dynamics

Variance process
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The Joint dynamics

variance —— \variance
Variance-spot process spot . | Valriance—spnlzlt praces? | — Ispot
I | r | | | — 6000
E—aoou ! ;
— 5000
17000
L 4000
— 6000
- 3000
¥ |i500C
-Z0Ce
4000
.” 9,10 — : : : : . _
600 9 100 200 360 400 560 600

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024 12



UNIVERSITY OF
[# CAMBRIDGE

The Joint dynamics

Variance-spot process -

variance
spot

Variance-spot correlation
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Heston stock distribution

12
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Heston stock distribution

10
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Heston model — How to deal with it?

Process simulation
S(1), v(t)

Partial Differential
Equation (PDE)

Characteristic
Function

' 11

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024

Monte Carlo simulation
Simulate many paths (S, v) until expiry

Finite difference model
Backpropagate the payoff from expiry

Carr-Madan formula
Fourier transform to compute prices fast
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Heston model

» Black-Scholes model — 2 parameters, 1d process:

dS =rSdt+ oS dW
S(t=0)=35,

e Heston model dynamics — 6 parameters, 2d process:

dS =S dt + vS dWs

dv = k(v — v) dt + y/v dW,
E[dWsdW,] = p dt
S(t=0)=3S5,

v(t=0) =1y,

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Decorrelating correlated Brownian motions

o Let’s start simple:
dWS - dW1

» Expectation and variance matches, so far so good
dW, = adW; + b dW,
« Expectation:

* Variance:
Var(dW,) = Var(a dW; + b dW,) = E[a?dW? + 2ab dW,dW, + b*dW$| = a?dt + b%dt = a®? + b? = 1

 Covariance:
Cov(dWs, dW,) = Cov(dWy,a dW; + b dW,) = E[a dWZ + b dW,dW,| = adt > a=p = b =/1— p?

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Decorrelating correlated Brownian motions

e Matrix notation:

1 0 (dWl) [ dWs
P 1-— p2 dW2 B dVVv

* Monte Carlo simulation discretizing:

dS = rS dt +vS dW,
dv = k(v —v)dt + y\v(p dW; + 1 — p? dW,)

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Heston PDE derivation

e Heston model SDE:

dS = rS dt + \vS dW,
dv = k(v — v)dt + yJv(p dW; + /1 — p? dW,)

» Option price should change over time (on expectation) same as value of money — martingale (no-arbitrage):

e "V (L, S(t),v(t)) = e "TE[V(T,S(T),v(T))]

» Let’s analyze change to option value:
d(e V) = e "tdV —re "tVdt

(V. 9V 10%V 9V 1%V 0%V
= et —dt +—=dS + 5 -z dS + 2y + =22 v +

_ -1t
a5 ©> T 2352 vV T 25072 osov " d”) re vt

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Heston PDE derivation

dS = rS dt +vS dW,
dv = k(U — v) dt + yv(p dW; + 1 — p? dW,)

—rty) = o7t (¥ v 19%V yg2 L OV 19%V 4,2 4 OV — re TtVdt =
dle™™V)=e (atdt+anS+2652dS t5,dv +-——dv® +———dSdv ) —re”""Vdt=

2

av av 104V av
="t (Edt - %(rb‘ dt +\/vS dWy) + EWUSZ dt + - (kc(v —v)dt + yVv(p dW; +1 — p? dWs))

+102V S 92y
20v2! Y 959V

yvSp dt) —re "tV dt

« On expectation this change should equal zero. E[dW] = 0, so we only need to take care of dt terms:

ov v S+1azv 2 OV . )+1azv ) +62V
ot " as' 0 T2as2V T\ TV T2V Y T hsauw

yvSp —rV =10

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Affine processes

Given a d dimensional process X

dX = u(t,X)dt + o(t,X)dW

Characteristic function exponentially affine:

¢(v,t, T) =E[e” ftTr(s)ds+iuTx(T)] _ pAT-)+BT (W, T-0)X(T)

Necessary condition:
ut,X) =a® +a'x

(06, 00" (€ 0 = ¢ + ) el X
k

Drift and covariance matrix at most linear in all coefficients

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Heston — affine process in log(S)

o X =log(s)

()= (r=3 Yan (5 2 ()

% yv
o= 12

pyv y*v
e PDEIntermsof Xandt =T —t:
6V+ 1 adV 1 0%V (D )6V+1 0%V N 0%V
ge TGtz TR Y 2V Vgpr TV s

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024

—1rV =0
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Heston model characteristic function

« Chf:
e‘”cl)(u, t,T) = e—rTE[eiuX(T)]

e Solution ansatz:
gb(u t T) = eA(u;T)+B(u,T)X+C(u,T)v

 [Initial (final) conditions:
d(u,T,T) = e*T = A(u,0) = C(u,0) = 0,B(u,0) = iu

» Inserting into PDE, results in a set of 3 ODE's:

dB_O

dr

dc 1 1

_— - — — _ 22
I 2B(B 1) — (k ypB)C+2yC

A _ vC+r(B—-1
gr v 7( )

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Call option price and characteristic function

Call price:

C(K) = Elmax(S; — K,0)] = f+oomax(s — K) f(s)ds
0

We know the characteristic function in close form, but not the density. Using the Fourier Transform:

C(K) = E;YE,[CT|(k) = dv

e~k rte (v —ila+1))
27 f_oo ¢ (a+iv)(a+iv+1)

Cambridge University — Heston model — Fabio Maggioni, 8.2.2024
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Adjoint Fokker-Planck Derivation of MFPT

Patrick Collins <pac74@cam.ac.uk>
Tue 4/2/2024 5:16 PM

To:Eugene Terentjev <emt1000@cam.ac.uk>
Cc:Vivian Perez <oap22@cam.ac.uk>

ﬂ]J 1 attachments (2 MB)
Adjoint FP MFPT derivation.docx;

Dear Professor Terentjev,

My colleague and | have been looking over the derivation for the MFPT from the adjoint Fokker-Planck operator. We weren't sure on the origin of the
- sign here in your notes:

Me

rll‘.lflnpfa ,‘_‘ ™

We have worked through this and believe it should be +1. Furthermore, the definition of the adjoint Fokker-Planck operator earlier in the notes
seems to miss a - sign, which corrects for the - previously.
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We believe that combining these two corrections leads to the correct result. We have attached the workings in a word document to these email,
please let us know if you would like us to rewrite them in a neater format. Do you think our approach to this is correct?






of  we dd o MFEPT was
Steick [

..'_-_-k L\.? — j-)\”‘*bgébu\; y ¢SS
Ariges!
— o s |
s‘.l'
bounday A/LS,
r—?“oc\
° CLQ A N ’//aa. 5‘3&
Exa 'M//e: +M2‘*’ a
= rr
) Vo N
O ?‘@r a  Fo - SQSQ_ e
—% Szakbe at.al. Q20
Size &

“A/CV‘(‘(Q\«J S ca e,(f
MQ\M Lo

—7 H@(ka et .l Zeoe e e S
. ek 0
MFEPT . (:D T ~ 45 conf=ct .

T 5 A(n)

3D T~ L2
DT



0 Mu({—{f(i&@hde A/DCSQ !

her dx T—/‘«Gfﬁr) 6 + < () JW/
(5-5. e @Bﬁﬁg
CD(‘(ZQS/DQ\/\LCJ E"P} Qj“\xﬁ%t\m«

> PG

= e QPP\&% Q,(g,L




(4 /n. [Aﬁp_i—-—g CL?,’“;/‘ L —l—',:~

— e )
Mettaratiealy comsscfont (Thol)
Verdoan S }“ Q-VOJ ﬂﬁﬂﬂ,__i‘\’f};ﬁj:ﬂé )

/ Sta s - Cufe e )

—
Swﬁﬁf\m C t«érz,yzfau,&uv(- &.

@ \SJFT ‘{_‘5\/\0\1’\0{\ \V2XSTan .
rd\_&icug—p < A;___é,_q e < .

jé&@cwz) HERG

® Moce FQCQLWHj evoleake oF qu
&f\a i—fm? dl/ow,

| W (o(x [{+,>LAJC1>
L,L\Ai/l:fa[« s

S’{“f-ﬂ—f‘bho\fc‘\ - ol =

[ - Lu,bg\.gk/ E

*
oX = | (ewé °,§ )



I(f bore 7[0-((090 Iﬁt\ (FC\ecerri
7 ’__b__d?__f_- //‘P> + %—;;(ééc} ?)

I:JL e Heo sw \C‘)‘(" c;/'nr«,ov o(\ rﬂaQQS‘é‘!

\
DL”"’L’ (2 _——;[ c
= “____'"‘"’462 & (%) 6»@?

:B'jﬂ bl ff’"“gu qu -—LCVSQQ(AS[L !

bLo\ Ll{é})%—&)
| - 2 ¥X
W\/\_/\/\/\/

‘—f’[’; j[\@r‘ln o aceep led  Ceso(cfros «
,; ‘(/(A«.S o Ve A jmeco Qc\fe,jﬂq.
[ \‘L qr" “H;a— c\%p(‘b}c & mafton /_eaé g

WL 7/{& \/Vau,esf p%ce’ssj

t’;yw (5 Hocwd Lo se ) fpdcess

}{ SO[A\Q MM?
¥ /{/(Qr[a&f Q_SS‘CMM“%\

C\v)




WQ"? "2@ " M/Lwﬁaw\ i
VZW tes when = f gsiesl  plocas
helaod Syp CSimsde W ED e
© Sepemes of dehoomcustn

| el s \A‘/m

We_ l‘mwg{: Woi;J% ._%[% SDG
<:’1>< (/Aﬂ_)-FL@(:ff oty
!\ Meust beacor—ax ad. ic}z“cr{
Le(rc‘{,( Lerm
We “Mﬂ—'« ol wJ’C (T(bf'% Bg)‘
o ( Stots hea W@%)

<G () cﬂé

ﬁeb?(\‘ "'“’“é“-?) _’2(:; P)

*F Keanan ’/“\e7m/ feow
—+J—~3ﬂ(¢&7\9>

\'h.——‘-—"-\_

Z\ﬂé —KF—Q'\M% -—/M E>7Q[



BZMF/Q Q/afg/lorcb E:Vg )

>f @f)_ B 5 L) P)+ [g&) — (éﬁ)?)j
=t C//—\(—\

~
€x Gc"(} —ﬂ.& _\Q (
S"Lf‘g_-éou\rmf.‘ ULVS‘.; 1,

Cost "~ e Led
Wl\u\ & = co o hb=te \-U‘[k

(

J = '—D*e FVG‘) ‘*(Q/@V&fﬁcr_ﬂ
A,/&)U wve [L&V& ‘F(_., «P{t«.)(.’

~ PV

/3\/60)/)

(J - — .-L 6C}<)~e;_ %“%C%):j

As o = w denp, Ao
/g:f&c—;éjbc« C‘DC“JJ—G—LV‘{’ i g

2 LT Ce_ \/e-‘(:Sghu\
LB/(X) = c’.@() ]a e(/ C.o T

T
% :D &) — :éé (ﬁ) CF




