
Advanced Statistical Mechanics (Part III Minor Topic) 

E M Terentjev  

Prerequisites  

There are no formal prerequisites, as all students are expected to have attended the Part II Thermal & 

Statistical Physics course (or equivalent, for the MASt cohort). It would be helpful to have attended the 

Part II Soft Condensed Matter option; for those who have not, the lectures cover the essential material. 

 

Learning Outcomes and Assessment 

This is a theoretical course that focuses on the microscopic processes that drive fluctuations, examining 

the fundamentals and modern techniques of statistical mechanics, with applications in non-equilibrium 

thermal physics, diffusion and viscoelasticity, genetics and evolution, and stock markets. However, the in-

depth topics are all “physical”, covering the mean first-passage time, non-Markov noise and anomalous 

diffusion, and the crossover between quantum and statistical uncertainty. 

 

Synopsis 

 

Introduction: Equilibrium statistical mechanics revised via partition functions / free energy, and via rates 

/ detailed balance.  

 

Stochastic processes: Markov process, Poisson and Wiener processes, Stochastic differential equations; 

conversion from Langevin to Fokker-Planck and Smoluchowski equations; Example 1 – Black-Scholes 

equation for the price of stocks. Detailed balance; Correlation functions; Fluctuation-dissipation theorem. 

 

Applications of Langevin dynamics: Diffusion in shear flow. Example 2 – viscosity of a simple fluid. 

Ornstein-Uhlenbeck theory; Diffusion in external potentials; Periodic and random potentials; Kramers 

escape theory and mean first-passage time. Example 3 – “hitting a small target”. 

 

Generalised Langevin dynamics: Covariant formulation of multi-variable stochastic processes; Fokker-

Planck and Smoluchowski equations; Non-Markov stochastic process, viscoelasticity and memory 

functions; Generalised (viscoelastic) Langevin equation and anomalous diffusion; Dissipation as coupling 

to an ensemble of oscillators; Mori equation; Liouville equation for dynamical variable and for distribution 

function (Heisenberg and Schrodinger formalisms). Example 4 – Kubo formula. 

 

Quantum crossover: Quantum and stochastic probabilities; statistics of the density matrix; Dissipation as 

coupling to an ensemble of oscillators. Example 5 – Marcus equation for electron transfer. Example 6 – 

rate of escape over and tunnelling under the potential barrier  

 

 

KEY BOOKS  

 

Nonequilibrium Statistical Mechanics, Zwanzig R. (OUP 2001) 

Introduction to Stochastic Processes, 2nd Edition, Lawler G. F. (Chapman & Hall 2006) 

Brownian Motion: Fluctuations, Dynamics, and Applications, Mazo R. (OUP 2002) 

Fokker-Planck Equation, Risken H. (Springer 1996) 
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Heston model
The physics of stochastic volatility models
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Heston model

• Beyond Black-Scholes assumptions

• Definition

• Dynamics

• Partial Differential Equation

• Characteristic function

The physics of stochastic volatility models
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Beyond Black-Scholes
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• Closed form solution 

for option prices

• Mathematical 

tractability

• Great for 

communication

Pros Cons

• Persistence of 

variability (high vol 

and low vol periods)

• Spot-vol correlation

• Fat tailed log-return 

(kurtosis and skew)

Market

• Uncorrelated log-

returns

• Gaussian log-returns



Log-return distribution
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Black-Scholes Financial markets



More complex models

• Deterministic time dependent volatility does not improve over normality of log returns

• Looking at Volatility Index we can guess that volatility is a good place to start: stochastic volatility models!
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𝑑𝑆𝑡 = 𝑟𝑆𝑡 𝑑𝑡 + 𝜎𝑡𝑆𝑡 𝑑𝑊𝑡



Stochastic volatility models

• Setting:

𝑑𝑆𝑡 = 𝑟𝑆𝑡 𝑑𝑡 + 𝜎𝑡𝑆𝑡 𝑑𝑊𝑡
1

𝑑𝜎𝑡 = 𝑎 𝑡, 𝜎𝑡 𝑑𝑡 + 𝑏 𝑡, 𝜎𝑡 𝑑𝑊𝑡
2

• With 𝑑𝑊1 and 𝑑𝑊2 being possibly correlated (𝜌) random increments and 𝑎 and 𝑏 being “some functions”.

• According to the structure of functions 𝑎 and 𝑏 we can produce all sort of dynamics for the vol.

• Which one is appropriate?
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Heston

𝑑𝑆𝑡 = 𝑟𝑆𝑡 𝑑𝑡 + 𝑆𝑡 𝑣𝑡 𝑑𝑊𝑡
1

𝑑𝑣𝑡 = 𝜅 ҧ𝑣 − 𝑣𝑡 𝑑𝑡 + 𝛾 𝑣𝑡 𝑑𝑊𝑡
2

St0
= S0

vt0
= v0

E 𝑑𝑊𝑡
1 𝑑𝑊𝑡

2 = 𝜌 𝑑𝑡
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• 𝜅 = 𝑠𝑝𝑒𝑒𝑑 𝑜𝑓 𝑚𝑒𝑎𝑛 𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑖𝑛 𝑦𝑒𝑎𝑟𝑠

• ҧ𝑣 = 𝑙𝑜𝑛𝑔 𝑡𝑒𝑟𝑚 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒

• 𝑣0 = 𝑠ℎ𝑜𝑟𝑡 𝑡𝑒𝑟𝑚 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒

• 𝛾 = 𝑣𝑜𝑙 𝑜𝑓 𝑣𝑜𝑙

• 𝜌 = 𝑠𝑝𝑜𝑡 − 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛



Heston

• Instantaneous variance 𝑣𝑡 is mean reverting

• Instantaneous volatility 𝑣𝑡 has 2 sources of randomness:

• Spot level via correlation 𝜌

• Exogenous variance process guided by vol of vol 𝛾

• Variance is distributed as a scaled Non central Chi square
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𝑑𝑆𝑡 = 𝑟𝑆𝑡 𝑑𝑡 + 𝑆𝑡 𝑣𝑡 𝑑𝑊𝑡
1

𝑑𝑣𝑡 = 𝜅 ҧ𝑣 − 𝑣𝑡 𝑑𝑡 + 𝛾 𝑣𝑡 𝑑𝑊𝑡
2



Dynamics at the limit

Let’s look at some key quantities of the Heston model for an expiry time T.

• 𝐸 𝑣𝑇 𝑣0 = 𝑣0𝑒−𝜅𝑇 + ҧ𝑣 1 − 𝑒−𝜅𝑇

• 𝑉𝑎𝑟 𝑣𝑇 𝑣0 = 𝑣0
𝛾2

𝜅
𝑒−𝜅𝑇 − 𝑒−2𝜅𝑇 +

ത𝑣𝛾2

2𝜅
1 − 𝑒−𝜅𝑇 2

• For 𝜅 → ∞, 𝐸 𝑣𝑡 𝑣0 → ҧ𝑣 , 𝑉𝑎𝑟 𝑣𝑡 𝑣0 → 0, Heston → Black&Scholes with 𝜎2 = ҧ𝑣

• For 𝛾 → 0, 𝐸 𝑣𝑡 𝑣0 = 𝑣0𝑒−𝜅𝑡 + ҧ𝑣 1 − 𝑒−𝜅𝑡 , 𝑉𝑎𝑟 𝑣𝑡 𝑣0 → 0, Heston → Black&Scholes with deterministic 

term structure
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Variance dynamics
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Variance dynamics
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High mean reversion Low mean reversion



The Joint dynamics
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The Joint dynamics
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Variance-spot correlation No variance-spot correlation



Heston stock distribution

14

Vol of vol = 0.1

Vol of vol = 0.7
Mean reversion =  0.1

Mean reversion =  0.3
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15

𝜌 = −0.7 Left skew

𝜌 = 0.7 Right skew
𝑣0 = 0.04
𝑣0 = 0.1
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Heston stock distribution



Heston model – How to deal with it?
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Process simulation

S(t), v(t)

Partial Differential 

Equation (PDE)

Characteristic 

Function

Monte Carlo simulation
Simulate many paths (S, v) until expiry

Finite difference model
Backpropagate the payoff from expiry

Carr-Madan formula
Fourier transform to compute prices fast



Heston model

• Black-Scholes model – 2 parameters, 1d process:

𝑑𝑆 = 𝑟𝑆 𝑑𝑡 + 𝜎𝑆 𝑑𝑊

𝑆 𝑡 = 0 = 𝑆0

• Heston model dynamics – 6 parameters, 2d process:

𝑑𝑆 = 𝑟𝑆 𝑑𝑡 + 𝑣𝑆 𝑑𝑊𝑆

𝑑𝑣 = 𝜅 ҧ𝑣 − 𝑣 𝑑𝑡 + 𝛾 𝑣 𝑑𝑊𝑣

E 𝑑𝑊𝑆𝑑𝑊𝑣 = 𝜌 𝑑𝑡

𝑆 𝑡 = 0 = 𝑆0

𝑣 𝑡 = 0 = 𝑣0
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Decorrelating correlated Brownian motions

• Let’s start simple:

𝑑𝑊𝑆 = 𝑑𝑊1

• Expectation and variance matches, so far so good

𝑑𝑊𝑣 = 𝑎 𝑑𝑊1 + 𝑏 𝑑𝑊2

• Expectation:

𝐸 𝑑𝑊𝑣 = 𝐸 𝑎 𝑑𝑊1 + 𝑏 𝑑𝑊2 = 𝑎𝐸 𝑑𝑊1 + 𝑏𝐸 𝑑𝑊2 = 0 + 0 = 0

• Variance:

𝑉𝑎𝑟 𝑑𝑊𝑣 = 𝑉𝑎𝑟 𝑎 𝑑𝑊1 + 𝑏 𝑑𝑊2 = 𝐸 𝑎2𝑑𝑊1
2 + 2𝑎𝑏 𝑑𝑊1𝑑𝑊2 + 𝑏2𝑑𝑊2

2 = 𝑎2𝑑𝑡 + 𝑏2𝑑𝑡 ⇒ 𝑎2 + 𝑏2 = 1

• Covariance:

𝐶𝑜𝑣 𝑑𝑊𝑆 , 𝑑𝑊𝑣 = 𝐶𝑜𝑣 𝑑𝑊1, 𝑎 𝑑𝑊1 + 𝑏 𝑑𝑊2 = 𝐸 𝑎 𝑑𝑊1
2 + 𝑏 𝑑𝑊1𝑑𝑊2 = 𝑎 𝑑𝑡 ⇒ 𝑎 = 𝜌 ⇒ 𝑏 = 1 − 𝜌2
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Decorrelating correlated Brownian motions

• Matrix notation:

1 0

𝜌 1 − 𝜌2

𝑑𝑊1

𝑑𝑊2
=

𝑑𝑊𝑆

𝑑𝑊𝑣

• Monte Carlo simulation discretizing:
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𝑑𝑆 = 𝑟𝑆 𝑑𝑡 + 𝑣𝑆 𝑑𝑊1

𝑑𝑣 = 𝜅 ҧ𝑣 − 𝑣 𝑑𝑡 + 𝛾 𝑣(𝜌 𝑑𝑊1 + 1 − 𝜌2 𝑑𝑊2)



Heston PDE derivation

• Heston model SDE:

𝑑𝑆 = 𝑟𝑆 𝑑𝑡 + 𝑣𝑆 𝑑𝑊1

𝑑𝑣 = 𝜅 ҧ𝑣 − 𝑣 𝑑𝑡 + 𝛾 𝑣(𝜌 𝑑𝑊1 + 1 − 𝜌2 𝑑𝑊2)

• Option price should change over time (on expectation) same as value of money – martingale (no-arbitrage):

𝑒−𝑟𝑡𝑉 𝑡, 𝑆(𝑡), 𝑣(𝑡) = 𝑒−𝑟𝑇𝐸 𝑉 𝑇, 𝑆 𝑇 , 𝑣(𝑇)

• Let’s analyze change to option value:

𝑑 𝑒−𝑟𝑡𝑉 = 𝑒−𝑟𝑡𝑑𝑉 − 𝑟𝑒−𝑟𝑡𝑉𝑑𝑡

= 𝑒−𝑟𝑡
𝜕𝑉

𝜕𝑡
𝑑𝑡 +

𝜕𝑉

𝜕𝑆
𝑑𝑆 +

1

2

𝜕2𝑉

𝜕𝑆2
𝑑𝑆2 +

𝜕𝑉

𝜕𝑣
𝑑𝑣 +

1

2

𝜕2𝑉

𝜕𝑣2
𝑑𝑣2 +

𝜕2𝑉

𝜕𝑆𝜕𝑣
𝑑𝑆𝑑𝑣 − 𝑟𝑒−𝑟𝑡𝑉𝑑𝑡
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Heston PDE derivation

𝑑𝑆 = 𝑟𝑆 𝑑𝑡 + 𝑣𝑆 𝑑𝑊1

𝑑𝑣 = 𝜅 ҧ𝑣 − 𝑣 𝑑𝑡 + 𝛾 𝑣(𝜌 𝑑𝑊1 + 1 − 𝜌2 𝑑𝑊2)

𝑑 𝑒−𝑟𝑡𝑉 = 𝑒−𝑟𝑡 𝜕𝑉

𝜕𝑡
𝑑𝑡 +

𝜕𝑉

𝜕𝑆
𝑑𝑆 +

1

2

𝜕2𝑉

𝜕𝑆2 𝑑𝑆2 +
𝜕𝑉

𝜕𝑣
𝑑𝑣 +

1

2

𝜕2𝑉

𝜕𝑣2 𝑑𝑣2 +
𝜕2𝑉

𝜕𝑆𝜕𝑣
𝑑𝑆𝑑𝑣 − 𝑟𝑒−𝑟𝑡𝑉𝑑𝑡=

= 𝑒−𝑟𝑡 ቆ

ቇ

𝜕𝑉

𝜕𝑡
𝑑𝑡 +

𝜕𝑉

𝜕𝑆
𝑟𝑆 𝑑𝑡 + 𝑣𝑆 𝑑𝑊1 +

1

2

𝜕2𝑉

𝜕𝑆2
𝑣𝑆2 𝑑𝑡 +

𝜕𝑉

𝜕𝑣
(𝜅 ҧ𝑣 − 𝑣 𝑑𝑡 + 𝛾 𝑣(𝜌 𝑑𝑊1 + 1 − 𝜌2 𝑑𝑊2))

+
1

2

𝜕2𝑉

𝜕𝑣2
𝛾2𝑣 𝑑𝑡 +

𝜕2𝑉

𝜕𝑆𝜕𝑣
𝛾𝑣𝑆𝜌 𝑑𝑡 − 𝑟𝑒−𝑟𝑡𝑉 𝑑𝑡

• On expectation this change should equal zero. E 𝑑𝑊 = 0, so we only need to take care of 𝑑𝑡 terms:

𝜕𝑉

𝜕𝑡
+

𝜕𝑉

𝜕𝑆
𝑟𝑆 +

1

2

𝜕2𝑉

𝜕𝑆2
𝑣𝑆2 +

𝜕𝑉

𝜕𝑣
𝜅 ҧ𝑣 − 𝑣 +

1

2

𝜕2𝑉

𝜕𝑣2
𝛾2𝑣 +

𝜕2𝑉

𝜕𝑆𝜕𝑣
𝛾𝑣𝑆𝜌 − 𝑟𝑉 = 0
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Affine processes

• Given a 𝑑 dimensional process 𝑋

𝑑𝑋 = 𝜇 𝑡, 𝑋 𝑑𝑡 + 𝜎 𝑡, 𝑋 𝑑𝑊

• Characteristic function exponentially affine:

𝜙 𝑣, 𝑡, 𝑇 = 𝐸[𝑒− 𝑡׬
𝑇

𝑟 𝑠 𝑑𝑠+𝑖𝑢𝑇𝑋 𝑇 ] = 𝑒𝐴 𝑢,𝑇−𝑡 +𝐵𝑇 𝑢,𝑇−𝑡 𝑋 𝑇

• Necessary condition:

𝜇 𝑡, 𝑋 = 𝑎0 + 𝑎1𝑋

𝜎 𝑡, 𝑋 𝜎𝑇 𝑡, 𝑋 𝑖𝑗 = 𝑐𝑖𝑗
0 + ෍

𝑘

𝑐𝑖𝑗
1

𝑘
𝑋𝑘

• Drift and covariance matrix at most linear in all coefficients
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Heston – affine process in log(S)

• 𝑋 = log 𝑆

𝑑
𝑋
𝑣

= 𝑟 −
1

2
𝑣

𝜅 ҧ𝑣 − 𝜅𝑣
𝑑𝑡 +

𝑣 0

𝜌𝛾 𝑣 𝛾 1 − 𝜌2 𝑣
𝑑

𝑊1

𝑊2

𝜎𝜎𝑇 =
𝑣 𝜌𝛾𝑣

𝜌𝛾𝑣 𝛾2𝑣

• PDE in terms of 𝑋 and 𝜏 = 𝑇 − 𝑡 :

−
𝜕𝑉

𝜕𝜏
+ (𝑟 −

1

2
𝑣)

𝜕𝑉

𝜕𝑋
+

1

2
𝑣

𝜕2𝑉

𝜕𝑋2
+ 𝜅 ҧ𝑣 − 𝑣

𝜕𝑉

𝜕𝑣
+

1

2
𝛾2𝑣

𝜕2𝑉

𝜕𝑣2
+ 𝛾𝑣𝜌

𝜕2𝑉

𝜕𝑋𝜕𝑣
− 𝑟𝑉 = 0
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Heston model characteristic function

• Chf:

𝑒−𝑟𝑡𝜙 𝑢, 𝑡, 𝑇 = 𝑒−𝑟𝑇𝐸 𝑒𝑖𝑢𝑋 𝑇

• Solution ansatz:

𝜙 𝑢, 𝑡, 𝑇 = 𝑒𝐴 𝑢,𝜏 +𝐵 𝑢,𝜏 𝑋+𝐶 𝑢,𝜏 𝑣

• Initial (final) conditions:

𝜙 𝑢, 𝑇, 𝑇 = 𝑒𝑖𝑢𝑋 𝑇 ⇒ 𝐴 𝑢, 0 = 𝐶 𝑢, 0 = 0, 𝐵 𝑢, 0 = 𝑖𝑢

• Inserting into PDE, results in a set of 3 ODE’s:

𝑑𝐵

𝑑𝜏
= 0

𝑑𝐶

𝑑𝜏
=

1

2
𝐵 𝐵 − 1 − 𝜅 − 𝛾𝜌𝐵 𝐶 +

1

2
𝛾2𝐶2

𝑑𝐴

𝑑𝜏
= 𝜅 ҧ𝑣𝐶 + 𝑟(𝐵 − 1)
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Call option price and characteristic function
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Call price:

𝐶 𝐾 = 𝐸 max 𝑆𝑇 − 𝐾, 0 = න
0

+∞

max 𝑠 − 𝐾 𝑓 𝑠 𝑑𝑠

We know the characteristic function in close form, but not the density. Using the Fourier Transform:

𝐶 𝐾 = 𝐹𝛼
−1 𝐹𝛼 𝐶 𝑘 =

𝑒−𝛼𝑘

2𝜋
න

−∞

+∞

𝑒−𝑖𝑣𝑘
𝜙 𝑣 − 𝑖 𝛼 + 1

𝛼 + 𝑖𝑣 𝛼 + 𝑖𝑣 + 1
𝑑𝑣



Thank you!
Do you have any questions? 

Fabio Maggioni

Quantitative researcher 

Fabiomaggioni@optiver.com
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in touch

Explore our open Student and 

Graduate roles
• Trading Analyst

• Trader / Quantitative Trader

• Quantitative Researcher 

• Data Analyst

• Data Scientist

• Equity Analyst

• Market Risk Analyst

Our Internship Opportunities
• 8 week programme in Amsterdam 

• Spring: May-June or Summer: July-August

• For students graduating in 2025 

• Software Engineering | Trading | Research | Data Science

• Register to find out when applications open!

Scan the QR code or 

visit this link

and sign-up 

*Make sure you select:

2024 | Cambridge–

Theoretical Physics course

in the dropdown

Register to find out when applications open!

https://optiver.com/stayintouch






















x

(for Wiener process, there are only two non-zero K-M coeffs)

standard O-U format

This equation describes relaxation of P(v,t) towards the equilibrium Maxwell distribution 



( in a harmonic potential V(x) )

standard O-U format

(diffusion with external force)

i.e. Boltzmann distr.



(see the last lecture for 'matrix notation')

Matrices:



1st K-M coefficient 2nd K-M coefficient
















































